
A CUR:os:"?l rN TEL PR:)OP OP GODE-LS THF.ORE~ 

David MoGoverar. 

A33TRACT: Since the publica~ior. of ~oedel'a faro.01<.s paper in 1931 er.titled 

•on formally Undecidable Propositions Uf Prlocipla Mathematica and .F-elated 

Syetom_e I", the proposal that classical 1r.athematica be formulated as a 

fo:-nal axio:r,atic tt1eory, ar.d t~.at tl:s theory i:.h<:>1<.ld be proved to be tree of 

contradiction, has not been the allbject of any serious and concerted effort 

within the matberaatical and philosophical ccmtuniti~a~ The original prccf 

of Goedel's tbeoreir. is re-examined. Certaili assumptione CO!iC!i'tliing the 

independe11ce of instantiat·ione in the proof o! Coedel'a Incompleteness 

Thecre:'l\ will be shewn to lead to the curious oonclueicin that ttie l!lctual 

instantiatione ct.c.s-en by Goedel are contradictory. 

1. lN'.:'RQOOCT:ON 

Formalism or formal axiOT111Jtica suf!er.;;d a severe blow with the 

pubiication of non Fcrmally Undecidable l?ropositiona of E'ripcipia 

fill..thegatica and .Rel~ted Sy11te1r,s I .. [21 [4] [6]. The acfl!.eve:nents ir. this 

landmark paper vere nu:r,erous, from the development o;!' a methc-d for ancodin>; 
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the systelll of Principia Mathematica in arithmetic (elementary nu:nber 

theory) to deironstrationa that fo1ty-five numbe1~tbeoretic predicates are 

pri:nitive cecu::eive. The key thee.rem of the papex; (Theoca;i Vll waa to 

::ieeol!'.e £%!1cuc and the construction cf the procf, unique and unusual thl)llg!: 

it was, to be dt!emed flawlees. 

Stated eimplyr the theorem ebows that any syatel\i capable of 

representing elementaty nur.Wet theory would nece11;ia.rily include undecidable 

propoeitior.s ar.d thus, derronstrated that classical cathematics could not be 

proved to be ooneistent~-i.f!., tree frDll! contradict.ion. '!his re&ul t ended 

the eea~ch for a proof that clacsical mathell'atica could be completely 

a1;ionati2e6 in a consister:t for:nal eyster.i [4]. Sir,.ce that time, numerou!l: 

derivation of the result and its extene!.ons have been published (l; [JJ !'fl 

[!))flO!!ll], 

We will point out the tlo'O lines oft.he proof which are not directly 

derived by some rule or the eyst:.em frOll\ a previous line, These linee 

involve th& choice 1>f an inatanoe of a free variabl,.. It is aesumed by the 

proof that these choices are free: if the Wlivereal is true then certainly 

any inetunce ls tsue. By explo.ring the effect of different choicee for the 

instance of t1'.o free variable, we will "'xaruine four possibll'i' choices which 

constitute the cases with<r..it aignificar.tly alteting Goedel's construction. 

!n tbs sections which follow, we will exa.mine Gcedel'G proof of 

Theorem VI in its original form (Section 2) wlth the exception that all 

dtotails of tbt: ptoof are laid bar.a. '!'1'.is constitutes casf! one~ the two 

instances of 11. universal chosen by Goed,.:;. are the instanoea chosen for this 

case. Th.a "extta~ line& of the proof are noteO ir: the text with an 

aatetisk next to the li::ie nu:nber. caee Two ie a reformulation of the 

proof with a si:nple change in notation (Section 3.1) which aer\/!!J!I to treat 
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the two instances of the univetsal a~ a single symtol (q'i, thus elatifyir,g 

their zelationsliip. tn Caae Three, t::te COMll.On variable ls NEGATED, This 

serves to demonatrate that the rafo:mulatlon ia cor.sistent with a cf".a1\ge o:f; 

variabl el!! {Sectior. 3.2}. Th~ rest:.:.te of Goedel 1s formu:aticn are ehown to 

be obtainable in the reformulation through a:: INCONSlfl'l'E'NT choice Of 

VJ\RlASLES in the proof's two assu.>t.ptior.e tease Pour), thua demonetratir1q 

tha.t the aeeumptions as o.:iginoil ly foi>i~ulated are 109ieally incor.eia::.ent 

(Bect!on 3.31 tl;.roug;i the isocorphiatr. establjehed by Goedel. 

The '!'our formulstions {or <:&Gll'a) givll'n in thie paper will use a 

consiGtent enurr.erstion of the key expree:eione used 1n the proo:f £or eaue cf 

comparison betweer. sections Md with the r11ference £rorr. which the pr¢o£ Yas 

drawn [5). We will also use lb(: r.otation ir.vented by Goedel, sev<lra: 

po.l.nte conce~n1n9 which wl:I a!d the reader: 

(1) words in Ul'J?:&l<CABE tef(:r to number t.beoretic Etate111ente; 

(2} Sb i!enotee the SU3ST1TI:TJO~ in the formula whici: follows of t:ie 

subscripted symbol in plece cf the superscripted symbol} 

'" .. , denotes. NSGATICN aa d'1BS a bsr1 

(4) G<m denotes C£NERAr,JZATION I 

(5) 
' ' y denotes x ,, a proof sequence ., ,, 

"' ••• de11otea *it i• provable that~, ond 

(7) z ( l! ) denotes the NUMBRAL for the formula ' . 
A mote preciee en<l CQlf.plete understanding 0£ the notation may be 

obta:'.,ned by rea<ling Qoerlel [5J. Ir, summary, Wl'i will argue that these 

datt.onl'itrations are ir.expllcable in the light of the valii!ily of Gol'!del's 

proof. 

2. COEDEL'S PROOF 

GOE!de:l'a proo! of Tf.eor1;JT. Vl dependti upon the z:e;;ulta pro•1en earlier 
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ir: lhe paper. For tlie sake of brevity, we will o:r.it the det.ailed 

dllflltJnstratiors ar.d sir.i;;ly state the rssul. ts, accepting tb<;: proofs given by 

Goedel, since these details do r.ot hear on the topic of this iiaper. To he 

e>:;licit, Goedel let1ds up to '1.'beorern VT by .,-ivin5 

{l) s prec~se description nf the system r whcee axiome are thoee of 
?rir,ciRiJL Mat;iematiGA with the adjunct.ion of the I'eano aaio:ma, 

(2) an ar:eisnw.ent of oatutal numhera to eli'quences of signs and segue:i.ees 
of eeg;:<;:ncea of .cignl'l of J? (<;:.&tabl iahing till iaomotphiGm boitween a 
GUba&t of the natural n\1m.l;lers and the torir,ulaa of Pl, 

()) a definition of primitive recursive functions and £our theotell!s about 
the1r,1 

\4l the procf thaL fo:cty-five nul!Iber-tt:eoretic predicatee 111re pr!.l'\itive 
recursive, 

(5) the proof cf 'Iheorer.1 v--i.e,, that evei:y primitive recursive numl:>ei::~ 
theoi::atic predicate is numerelwise r«preaentable i~ P~ and 

(6l the dsfiniticn of w-cons!etency, 

C-oedel then comes to the goal of the discuse1one: Theorem Vl and its proof. 

With the e•ception of Theorem v, Goedel uses the results presented in 

the paper e•actly al!l formulated, Bilcauee the el!act foi::mulation of 'l'l1eoram 

V will have a bearing on our disouaeion cf the proof of 'l'heorel!', Vl, ""e 

repeat it h¥te, though not the r~aindei: of the diecusfl!ione leading up to 

;J:beot:ern Vl, 

TEEOREM v, For ever:y recursive relation R(:t , •• ,,z ) there exiats an 

n-place Rl'LATlON S!GN r (yith the 
l " 

?!<EB VAF.IABLES u , u ,,.,, 
i ' 

tbar for all r.-tupiea of n'.lrr.hare- (11, ••• ,x ) 
1 " 

we have 

' 
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u ••• u 
l " 

R:ll ,.,,,x : -Jo ll!!ii{Sb(:i; )l {IT,3) 
1 r: 2(ll ) ••• ztx) 

l " 

u ••• u 
l n 

-+ Eev[Neg!Sb(r )}] \!I,4) 
2{x ).,.Z(x) 

l " 

2,1 CASE ONE 

The ger:e:i;al reault .abo:.:::. the existence of undecidable propositions 

fellows now in the fo~itulat:ion aa given by Goe.de!, 'l'hie Will be re.ferted 

tc in tb'l'c reroainder 0£ tl1e pape• uii! case One, 

'l'HBOREM. Vl. For eve:ry w-consiatant i:ecurslve class k of FORMULAS tbei;e are 
i::ecursive CLJ\SS SlGNS t euch that neither v Gen r ner Seg(v Gen r! 
belong to Flg(il) {whe1e v ;is the FllEE VARIABLE of r), 

PROOr {Case One)1 ~et k be any recutelvs •-Conaiuter:t class of 
FOR.'!ULAS, we define 

lW {X) "' (nl (n S. l(x) -+ Ax{n Gl xl V (n GI >:) ( kV 

' 
{Ep,q){IJ < p,~ < 11 & Flin Gl x,p G::. x,q Gl x}J] & lixl > 0 

x B y"' SW (x) & Il(x)] Gl x « y 

' ' 
Bew ix) "' lFy)y :a x 

' k 

We obvioualy have 

'"' 
{xJ [llew{.x) -+ Bew (x) l 

k 
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(Il'., 6) 
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we now define the relatior 

19 
Qtx,y; .._ x 'f\ (SO(y Jl. {ll.8.li 

k Z\y) 

19 
Since x a y {by Il.5) and (ll,6J) and Sb(y ) {by DefJ..nition 17 .inO 

k 2:\y) 

31) a!"e ::ectitsive, ao ia O\x,y), 'l:'lerefote, by !rbecrern \l t>Od \lI.8) 
there !.G A RELATIDR IJIGN t'! \llitb tha ??.EE Vl'..RIM'!LES l 7 and lS sue!"! 
that 

19 17 19 
x l.l [Sb{y ); ~Bew{Sbiq );. (11,9) 

k z (yJ k Z!x}Z!y) 

ood 

19 17 19 
x S [Sb(y )J ~ aev [Neg{Sh{q ))J. (ll,10) 

k z ty) k Z{xJZ(y) 

We put 

p = 17 G'1'r: q iII,lll 

(p iG ti; CLASS SIGN' with t!'ie f.REE Vi\RIAI?LE 19) and 

19 
r;;Sb(Q} 

z (p) 

!i- j,(11 a recursive CLASS SIGN with the FRIE VARIABLE 17). 

19 '' 19 
Sb (p J ,. Sb{{l7 Gen Ql ) "' 17 Gen Sb!<J j .. 17 Gen r 

'b (pi z (pi Zfp) 

(Py {11.11; and (Jl,121); futt!'iermore 

' 

(II.lZ) 

!II,13) 



17 19 11 
Sb{q ) "".Sb(t ) (II.14; 

2.\x)Z{p) Z(:;;) 

(by (ll.12)). We now eubt1t;it.it11 p for y in (I:I,9) und \lI.10) 

19 17 19 
X B :sb\p )] 

k 2.(p} 
-+Bew f.Sb\q )J, 

k Z(X)Z(p) 

,, 17 19 
Ji: B {Sb{p ll 

k. ll (p) 
-+Bew{Hsg:(Sb{g_ ))] 

k. Z{X)2.{p) 

end take {II.13) and {11-141 into account to obtain 

17 
x n ll7 Gen r) -+ Dew ISb(I )] , 

k k. Z(X) 
(ll.15) 

17 
x B (17 Gen r) -lo Bll>I !Neq(Sb(r )}], (Ir.lG) 

lt k il\x) 

FrO!'li th& contrad.tctions of \ll.15) and (!I.16) the w-inconsist.ency of 

tbs system P ie readily argued by in\'Oking the lew o:t: the eitcluded m.::.ddle, 

A few cc-mments on the natu.te of tb11 proof of Theorem VI are .in order. 

Note that the proof involves the ehoice of t~o assu:nptions: fitst, 

(IT.S.1) defines a relation Qtx,y) with vari;tblea x and y assumed .frec1 

second, (tt.ll) and (l!,14.1) acauw,e that the particular 6u?::etitution of p 

for y ie not inconsistent 1o1ith (JI.S.1). An invel'!tigation of thes<! 

aesumption11 111ill occupy the> remaining 11ect1onc Of this paper ae Cases ':.'wo 

throu9h Fo11r. 
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3. REfoo.MtlLATION 

An e~amination of the re!at:1on Q{.;,y} as defined in (II.B.::) revealt 

that it iB the negatior. of a tt<cureive relation \o!hicb we define as 

l9 
B [Sb(y );. 
k Zfy) 

!rr:.<t.l/ 

Clearly, 

{!(X,l'i "' ;R.(.-,y), (Ill.4.2.J 

Purtherronre, it ia cleat from Theorem v, the expressi..m (II,9), and t.he 

allp:eaeio11 (1I,1G) that th .. R£LATIO!< SlGN q il.$SUlll@il 

19 
Neg($biy }j, 

l>\y) 

3,1 CASE '!WO 

In thia aectio:i we will follow the proof construction of Theorem VI 

(Caae one) with R(x,y) in place of Qjx,y/ and therefore q' \of as yet 

untonwn :telationahip to ql in place of q, As we shall nee in this cect.1on 

and the next, our reformulation leadc to consi.ctent reauite. We proceed 

with tbe construction from (Il.B,l), as thxs is the first notational change 

to be encount-eced. 

CCl'NS'IRUCT!ON (Case Twol1 Let It be any recursive w-consistent 
claes o:: l'ORMIJLAS. we define (;'.II.5) th~cugh iII!,Bl preciuely ae 
"'lI.5) throug;'l \ll.6), respectively. We now define the relati.or, 

,, 
«<x,y} = x n tsb\y Jl. 

Since 

j( Z{yl 

' B y 

' 
:by :1:1,5) and (tlI.6)) and 

19 
Sb(y l iby oef;nition 

z (y) 

1"1 ar.d 31) are i:ecursive, so is R(x 1y). Therefore, by Theo:err. V ar.d 
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(III,(!) there i>I Cl RELATION SlGN q' {wJ_t;:b the FRltF VARIA11LES 11 ancl 
19) sucli t!iat 

19 17 19 
x B [Sb (y ) J .... Bew [Sb(q' ) J • (llI,9) 

k z (y) k Z(xJZ(y) 

and 

·~-

19 17 19 

' B [Sb(y )) .... ,, . INeg\st:q1 l ) l • 
k z {)') ' Z (xl ~ (yj 

Wa p\lt 

p"" 11 Gen q• 1111.:.::.1 

(p ia a CLASS SlGN with the FREE VA!<lAULZ 19) and 

19 
r .. Bb(q' J {111.12) 

2 (p) 

(r is a recursive CLASS SlGN with the FREE VARLABLE 17). 

'l'her. we have 

19 19 19 
Sh(p ) "'Bbt\17 Gen q*l ): = 11 Gen Sb!'!' ) ~ 17 Gen r 

Zip) 2{p) z {pl 
(!11.13) 

(by (111.11} and (Ill,12))1 furtharmor& 

17 19 17 
Sb(q' ) = Sb;t J 

2(x)Z(p) 2ixl 

\by (I!l,12)). ~e now eubetitute p for y ln iI11.9/ and {111,l\'li 

p"' y. "'(111.14.1) 

19 17 19 
l!: :a [{SO(p lll -> 

k z (p) 
tlew (Eb(q' )J, 

k 7.(x):Z(p) 
*\llI.14.2) 

,, 17 19 
x a !(Sb(p ))J _,. sew 

k z (p) k 
!N!:!g\SP(q' ))1. 

Z(x)Z(p) 
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and tak.e (111,13) ancl (l!t.:.4) .:.nto account to obtair. 

17 
x B (17 Gen r) ~ Bew tsb:r )J. {lll.15) 

k k Z(K) 

17 
l~eg(Eb:r l)J, (l!l,16) 

Z tx} 

Obviouiily, this rl'lformulation doea not pr:ove Theorem VI, Note tl",at 

tliis construction ia esser,tially that ueed by Go.edel wit)'; one exc111ption. 

Lines 111.9 and l:>.l,10 folio" ThE'o•ern V ellactly and do not embed Ill. NEGA.TION 

a;; (lid tl';e constr.;ction Goe:'lel 1.1aed {\11,9') and (11.lC)). It 1a curioua 

that eomet/1.i.ng as simple as folloving ;Jie d•tails of Theorett V wo:.ild 2ndo 

the famoua recaJ.t cf tbe haeic proo.f .sch<cma. Flltth.erncor:l!!, this 

refor:nulaticn and the reaulte t!I11.l5) and {lll.lEJJ ate obviously 
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Although made Ii bit more co111plic<1ted 1 the reformulation and the 

tellu::.te of Section 3,1 temain unchanged '<lhen q' :ts rer1l11ced vith Neg q as 

follows. 

CONS'lJt!JC'l'lON {Case T~1ree): Ls-.:: k be 
class of f'OJ!i",ULAS. we de!ine (JV,5) 
lJ.!,,~) -.::hxough (II.a), rellpec~ivsly, 

any recu~sive w-conalGtent 
througf: {TV.Bi ptecisely av 

Wi! now define th., relatiort 

19 
l!(x,y) "' x B (Sb(y ::. (!V.8,ll 

k Z!y) 

1• 
Since :ir: By {by (:tV.5) and (tV,6/) and Sh(y ) (by Definltion 11 and 

k t(y: 

311 are tecuralve, GO ie R{x,y). Tllernfore, by Thl!o:;evi V and (tV,S} 
there is a RELATION SIGN q• lwitl1 the !'P-EF VARZAULE.9 17 f;IT!d 11)) 8UCl\ 
tl1at q '"11'10g q ar:d 

19 17 l.!I 
x B [Sb(y )] 

It Ziy) 
-+ Bi:!W {Sb(Neg{q )}]. 

k !(R)Zly) 

and 

·~·····~~-19 
.x: l! [Sb(y )] -+ Bew 

17 l 9 
[Neg{Sb(Xeg(q 

Z(x)Z{jl) k Z{y) k 

(IV.6,21 

(:v.B.3) 

With eome minor cearrangem~nt, these expressions yield t~e Goedel 
expressionc (11.9) end (11,10): 

---···~~~-

19 17 19 
KB !Sb(y )] -+ 

k Z(y) 
aew [Sh\q )J. 

.k Z(x)Z!y) 
{IV.&) 

19 17 19 
!I B [Sb(y )) 

k Z{y) 
-+ :Bew !Neg {Sb {q I l j. 

It Zlx)Z(y) 
{IV.10) 
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Note t.'iat (lv.a.2) leads to (:::V,10) and t:r·..-,S.31 10i:ids i;o {IV.9\. 

We put 

p .. 17 Gen (q') " 17 Gen {Neg q) 

(p is a CLASS S:GN with the F?RE VAR:ABLE is; and 

19 19 
:r .. Sb(q' l "' .Sb(Nsg{q ) 

)! (p) z (p) 

(r i,a a recuraive CLAS$ SIGN with the FRP.E VARIABLE 17). 

'!'he:i we have 

'' 19 19 
Sb{p }..- Sb{[l7 

2 ip) 
q)J }"' 

z (p) 
17 Gen{Sh{Nieg\q /))"' 

Z{p) 

(by I .. ,,''' ~ .. -- ' and (:;V,12))1 fu1:tl1errnore 

17 19 17 
Sb{Neg q : • ao:r } 

Z!x)Z(p) Z!x) 

(!V.ll) 

(I'l,12) 

17 Gen r 

iIV.13) 

!lV.14} 

lby !lV.12}1. We now subc~i~ute p for y io tlV,9) and {lV.lO} 

p"' ',{ *\!V0 14.1) 

19 17 19' 
x a [Sb(p Jl -'1> new [Sb!Neg q 11 •(!V,;14,2) 

k Z.(xl k Z(x}Z(p) 

19 17 19 
)! n [Sb{p )] ~ belt [Neg(Sb(Ne<J q ))] 

k 2\x} k Z{1)Z{p) 
*(IV.14,2) 

and talle (lV.:3) ane: {lV,14: J.nto ac<::o'Jnt to aht<l.in, afte.t seme 
i:earrang:lng, 

17 
Jt P (17 Cen r] -+ t:.ew [Eb(r ) J, (IV.15/ 

k t Ji: (x) 
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17 
JC B (11 Gen rl -+."Bew [Neg{S;;(r ))]. (IV,16) 

k K Z(x) 

It is easy to aee that the aubstitvtion of Neg q for q' yields tIV,!1) and 

(IV.lC) equ!.,valent to (II.9: and (II,lC) in G<::ede:.,>s proof~ N<:te that, up 

to {IV.IO}, this eonetruction is different from that due to Coedel only in 

the choice of the recursive relation to be usarl. 

reccver"'d the expresaion.i! giver: by Goedel th.i:ougl1 a !i!Uitable choice of <:r1, 

demonstrating that we can counter the differences iii the construction. ln 

particular, note that t:he relatio:1shlp between Q(x,y) a!".d R{x,y) is 

precisely that between q <>nd Neg q, Thus we have shown that the y of 

Goedel'e recursive relation O(x,y) necasaitatee Neg q if one is to obtain 

{!I.9) and {II.10}~ Bvtin so~ we have not aa yet fully tecovered Gcede:. 'e 

.ceoult 1 bat have eh<:Jwn our construction to J;;e .I! val id one even with a 

co11siotent change of definition for the RELATJON SIGN 1.1.0 would be expected. 

3~3 CASE l'OOR 

We now proceed to demonstrate how to Obtain tho results of Secticn 2.1 

{Goede1's proof of Theorem VI) u!$ing tbe refomulation giver. in Section 3.2. 

Once e;gain we wJ.11 11'.anipulate the two .instantiations of the ptoof--namely, 

the choice of Q(x,y) and p. 

CONS'J:RUC'IION (Caso Pour): Lot 
c:1oos of FORMULAS. We define 
through (I!.6}; re.epectively. ,, 

~ be any recursive w-consistent 
(V.5} through (V.6} pre.c:isel_y All 
We no~ define t.he relation 

\Il.5) 

R\x,y) ""x .B [Sb{_y )J {V,6.1) 
k. :Z{y) ,, 

Since x E y (Dy v.51 ar.d tV~6l) and s.b(y l (by Definitior. l7 And 
x z (y) 

ate reoursiver eo is :R{x1 y). Therefore, hy 'l'heoxem V and (V,11) there 
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is a !U'.LA'.:'ION SIGN q' (witb the FRllE VAAIABL3S 
q•ocNeg q and following the r01s;:ilts of Section 
flV.8.J)) we obtein as before 

17 and 13) nuch tha-:. 
3,3 {(1'.V,6.2) and 

'' 17 1$ 
xB[Sbfy )J_.. 

k z (y) 
f>e\I.' lSb!q )]. 

k Z!ii:)Z(yi 

aod 

'' 17 l9 
• B !Sb(y )J 

k z (y: 
~'Bew !Neg(Sb(q ))], 

t Z{x}2(y) 

In ecntrast to the choice of Section l.l, we .now pvt 

p=l7~eng 

(pis a CLASS SIGN with the FRSE VARIABL3 J~) and ,, 
r=Sb(q i 

l: ! p) 

{t is a recutwiv.a CLASS SIGN with the F:RES VARlABLE 17). 

Then w"' have ,, 18 18 
Sb(p ) = Sb( 17 Gen q ) " 17 Gen Sb (q l ""l7Genr 

z {p) Z{pJ Z{p} 

\by {V.ll) and (\1 .12; l 1 furtherl!'.ore 

17 l~ 17 
Sb\g ) "" Sb(t } 

Z(x)Z(pl 'Z ( x) 

(by \V.12)). We now subs':'.itute p ~or y in c·,,,9} and iV.10} 

(V,!l) 

\v.10; 

{V,11) 

{V.12) 

(V,:3) 

{V.14l 

p,. y "{V.14,11 

,, 1·1 19 
x B {(Sb(p ))J 

li. Z\i:) 
~Bew !Sb(q )}, 

k Z{x)Z\p) 
*(V.14.2) 

19 17 19 
x ;'I [(Sb{p ))j 

k. Z (X) 
_,. aew [Neq\Sb(q )) ), 

k Z(x)Z\p) 
•(V.14,3) 
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and take (v.1!: and ;•/,14) into account to obtain 

17 
-+ aew !Sb(t ) ; , {V.15; 

k % lx) 

lJ 
x e (17 Gen ri ~ Bc"t [Neg(Sb\i: ))J, ('.',l(i} 

l: k %(xi 

Note that we obtain (V,!lj and (V,1-0) by ini::toducing: k(a,y) in place of 

Q{X~Yl and that this forces the use of Neil q explicitly. With the singlii!: 

exception of thle choice in the method of oonctructin9 {\',9) and iV.l(IJ, 

the construction is that of Goedel's original proof wf Theorem v. ~bus ve 

argue tr.at in the 0:19inal censtr:.iction of {I.9J and (l,10), y necessitates 

Neg q, but that this fact i!I bidder. by the definition of Q(x1 y) resultir..g 

1n an unacknowledged negation. The existence of this !\C9ation is made 

obvious when {\1'~9} and (V.10! a~e dei:iv«I ae in the above. 

Although the proof proceeds as ir. Goedel's construction, note that 

thia construction a&sW11ea that it is q (instead of Neg ql that ia 

r.ecesaitated by p !V.ll! and thus by y also iV.14.1). Ir. this way we see 

that the details of the proof assume both q and Neg q necessitated by y. 

'l'his ie ar. in11tauce of t."ie classic definition of ar. embedd«I contradiction 

in a proof i;cbe111a. 

Ever. if the NEGATION of q and q ai:e not held to be oontradictoty, the 

problen of explaining thia eituation does not 90 away. Ir. pai:t!cular, i!: 

Goedel's construction ia oorrtct and if Case Four ia SllW a valid 

refor::r.ulaticn of Goedel's Proof !~) cor::eci;., t:'letl eit)'ier O!x,yJ alor.q 

with q as Gcedel l1as used it, ot Rlx,y) .alonq wil:h Neg q and q NLY be used 

irt constructing the proof, Case Fout could be rewritten eucb that the 
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eho;1.ce of E(ll'.,y] is ei:pi;.cit:., but the choice of Neq q is impiicit. '!'her. 

the oniy visible differences in the refoimulations (Case One and C<1ae ;·cur) 

wouid be the use of R(x,.y) i11 piaee of Q\x,y) of tt:e proof. But this can 

riot be, for R(ll'.,,;>) contradicts Q{x,yl as given. Th\:G the ieon1or!(l11.sn 

esta~Jist:e5 in Tbeore~ V fa11s, since contradictory recursive relations 

produce the aame r<:sul ts, C111en thie e!'lbedded contradiction, it. is 

su:priaing tl':at Goedel shou:.d be able tc generate an acceptable proof of 

the w-inconaistency of tht system l'. 

f, SU!!MMY 

Coilldel'a. th;i.oi::an is based on (a) an i.comorphism between the proofs and 

seritenees of PH'"!"Feano and a set of nurr.ber-theor1ttic propasj.tionBi ic: the 

proof of certain relations between ao11e r.Ulllber-theoretic propcaitions; :cJ 

using the iao:r.orpbis:n {t1frr1tio11ed in {a)) to ti::a11sform. these into a 

5tatement about the incc:npat.ibility o! various assumptions tw~cor::sist/i:ncy 

and decidability) in 1'. 

~e have shown th1:17' additional assumptions i>re involved in the proo!: as 

well1 independence of ini;tantiation:a and that certain variables are !ree. 

Since the pr<:>of establishes a:i, embedding, the choice of variable& llo;'ithout 

a semantics being involved) rsvolv•S around affirmation {q'=q) a::iC negation 

lq'"'N<;9 ql. 11.l!l there are two linea in the proof scf,err,a at ¥hich one 11ust 

select eitt.er q or Neg q !or the in!!tantiation, this le&dll to feut caees: 

two in wt,ich tt:e choices are the sarre \both being eithe: q or Neg o;;:} end 

two in which they a.re ccntrary !q and :se9 q or: Neg q ar.d g). Goedel'a 

reHult is obtained only in the cases in Yhich the two are contrary. It ls 

r.ot obvious as to why this el1.ould be the c.ai.;e, if Goede l's re.eult is valid. 

lt tr.igl1t be ar9ued that bacause (lJ:.~/ and (ll,lOi have been 
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demonat[ated trce- for all pcsi1ive- integers, subject- ::o t:ie reetrict.lons of 

TYPE, at tbe nu:rbe:: tl1anretic levt:C, that the que;it!on of conaiBte.ncy with 

\II.$,l) cannot be poeed at the numbe:-::heoretic level, but only et <;he 

loglcal level, using the inoitorphi;iw_. Dut we clain here that the q'leetion 

of con$ietomcy with (lI.9.l) can be posed at the 1tumber-thCO<tlic level, 

since (J:;:.e.l) mak.es a number theoretic state::oent v:i!.ch assumes a certair. 

TYPE. Baaed on the discu&Bion piesented, it ia clear that the 

"restrictions of TYPE" between the statements axe inconsiati;:n.t, Indeed, 

they must be if th0 1£Cll'_oi:phiem is to held eince the in.consistency hae e.,en 

demcnelrat.,d for the lcg!.cal level. 

Even if the proof were reproduced purely 1n ter~e of n.u;nber-theoretic 

statements, this can have nc bearing on. cone1atency ex decidability o! 

PM+Peano as nuwherc do not speak of c~ch things. It ie on.ly through the 

iBO!f_orphisrn that an iliterpretation is poeeible. If the logical details of 

::he proof are not faitl1ful~ then th.ii interpretation is not reliable. 'Iha 

theorem must aay come thing both as a nu;iilier theoretic argument and as a 

logical argument at each step. The discussion ::hat hae been ptesented here 

deals on.ly witt. tb0 validity of th;;; 109ical argu1r,ent and, tborefore, jte 

interprf;tation. 

'l'his investigation ill depende11t up;::n applying the iscmorphiain to SOll'.B 

of the Jr.terrr.adiate atepa of the proof under the :!.:mage. Assuming that the 

isomorphisin is faithf\ll, then the interrr.ediate Gteps must also admit of a 

n.ea."'lin;ful inte:pietat,\on under tl:.a irr.age. If ir.ttrmediate steps of t.be 

proof have no reli'vance ::o the .. logical 8 inte1pretation - then t\\O 

;;:onelueion of th\il procf can h1>ve n.o ~w,plleatione con.cernin9 the struott:re 

of th('! image: we can ha\•e NO faith in tl1e inverse rrllp used in th;: 

arr;r.:m.ents presented by Goedel at t:h& conclusion of tho proof !r<>macjc.s 1 and 

2, pages 6013-.SCS (SJ}. 
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If cne clailllS that the isomorph1sci Coes not apply to the at:atementll in 

th"' &J(~anl'!ion pres-en";ed - 1.e., by claiming tl:let nPREDTCATf:P ONn bas no 

bl?aring en their v11lidity, then or.e muat alao give up t.hc derivation i:>f 

.stater:..ent:e 1I,13,,. l'urtherrrore1 it would then be nonsensical to claim 

that the numeral Sb{Heg I is ::Jie aruns e.1:1 Neg{Sb ) aa Goedel claims. 

Nonet.J-.elesa, it: is the 1SOllOrphism Yhic:b deJtands the validity of this 

portion of the derivation. 

If one claims that t;'le details of the proof car: not be exi;anded and 

that it ia iibptoper to ask wl1ether or not i:.he proof sehema ie va!.id ~ i.e., 

that linee of tr.e proof auch as rr.il.l be accepted ~springing full41i::own 

from the head of Zeue• \alias Goedell 1 ::hen this de::"eats the very notion of 

the proof even as defined by Goedel in :r.44. we shall then have 1:1 ronsense 

proof about nor.ser,.se. 

'rhe ct;<>ice of q' as either q or Neg q is clear.!.y tile difference 

between the tefomulatione. In particular., why is Goedel'a result so 

clear l_y dependent upon choo.eing q' aa q in one instance and q 1 as Neg q in 

the othe:i' It riust at least be shown trow !or perhape why) the alternate 

proof s:::he;r.as fail to be the correct. ones, Othetwise we ate left with the 

probleir of reconciling two valid proof sc)'lemae which yield inconsistent 

i:esalts, Suclt a conclusion would oee:r, to 111:_:;ily thet we :nave MO valid proof 

schelllll.e not TM!ana for judging '!that j.s and what is not valid. Surely, :we 

ere no:. free to 1t<ake contradictory asi:;umptiona in a singlfl ey.etern as hae 

been made the choict1 ~Neg q" wi'.ere Gocdel chooaes •q~. 

Eithet: the p::oof consists of cons!.stsntly interptt1table number 

theoretic expreseion:s or it does not. :;:£ 1t doei:;, then the proof seq11ence 

J.taelf ie NOT a valld proof ache!l'a ae it contains inCOlll.patible e.scu:r.pt:iono. 

Jf it doee. not, ther. the televanca of' the proof niest be reevaluatec.. 
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In tihort, we have denonstia't:Cd that the original proof of Goodel's 

Inctmplet.ness 'l'b-ecrero_ {lg3J) contains Yhat appears to be a cor.tradictior: in 

its assumptions aed that tiifl choice of instantiation baeed Oii thees 

a:Ssmr_ption1> il'l critical to the eoccnss of the proof. Note that we ars not 

objecting here to the notion that some choice of instantiation for the ftee 

variablell of Goedel's proof echema mlqbt yield the famous result, Rather, 

we seek to M:lerstand tl:,e validity of the particular choicss, since we f.ave 

dei:ionttrated that these choices can be sxpreseed as a contradiction by a 

sirnp:e change 0£ notation, 
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